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Abstract 

The stability problem for the hypocycloidal rotational states of the closed relativistic 
string with a point-like mass is solved with the help of analysis of small disturbances 
of these states. Both analytical and numerical investigations showed an unexpected 
result: the mentioned states turned out to be unstable. This conclusion is based upon 
the presence of roots with positive imaginary parts (increments) in the spectrum of 
frequencies of small disturbances. But these increments were small enough, so this 
instability had not been detected in previous numerical experiments. For the linear 
rotational states (the particular case of hypocycloidal states) the stability was confirmed. 
These results are important for applications of this model in hadron spectroscopy. 

1. Introduction 

In the previous work [1] we investigated the stability problem for 3 classes of rotational 
states of the closed string with a point-like mass. The corresponding exact solutions of the 
dynamical equations for this string were obtained in Ref. [2]. The closed string carrying one 
massive point moves in the space M = R 1 ' 3 x T D ~ 4 , where R 1 ' 3 is Minkowski space, T is 
torus resulting from the compactification procedure [3]. We denote x°, . . . , x 3 the coordinates 
in R 1 ' 3 and the torus T D ~ A has cyclic coordinates x k {k = 4, 5 . . .) with periods that is, 
points with coordinates x k and x k + N^i^, Nj. G Z are identified. The metric in Ai is flat one: 
ds 2 = r} lw dx ,t dx v , the corresponding basis e , e%, e 2 , . . . tr>~\ is orthonormal one. 

For two (from 3) classes of the mentioned rotational states in Ref. [1] we used two ap- 
proaches of solving the stability problem: 1) numerical simulation of motions, close to the 
rotational ones, and 2) analytical investigation of small disturbances spectra for these states. 
The both approaches gave the same results. But for the third class — hypocycloidal rota- 
tional states we used only numerical simulation because of very sophisticated calculations in 
the spectral analysis. But later, when the calculations had been fulfilled, the unexpected 
results were obtained. They are presented in this paper. 

2. Dynamics 

The dynamics of the closed string (with the world surfaces X^ir, a), o\ < a < 02) carrying 
a point-like mass m in the space M. is described by the system of equations [2] 

d 2 X» d 2 X il 



dr 2 da 2 



0, (1) 
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X^r*, 2tt) = X"(t, 0) + ]T Ndket (2) 

fe>4 

mj- X " (r ' 0) + 7 [* V, 2tt) - X'^(r, 0)] = 0, (3) 

which (without loss of generality) take this form under the conditions <J\ = 0, a 2 = 2n and 
the orthonormality conditions on the world surface 

(d T X ± d a Xf = 0. (4) 

Here 7 is the string tension, X M = d T X^, X' M = d a X^; the scalar product is (a, b) = rj^a^b". 

Equation (2) is the closure condition on the tube-like world surface of the closed sting on 
the world line of the massive point [4]. This line can be parameterized with two different 
parameters r and r*, connected by the relation r* = r*(r). This relation should be added to 
the closure condition (2). 

In this paper we consider the hypocycloidal rotational states corresponding to the following 
solutions of the system (l)-(4) [1], [2]: 

X»(t, a) = efta (r -9a) + J2 4ha+ 

fc>3 (5) 
+A^[S coscua + (Co — C) singer] • e M (W) — So sintoa ■ e M (W) j. 

£ k N k 

Here bk = — — , e^(cjr) = cos lot + sin ujt, 

e^(ujT) = cj" 1 J^e M (cjr) are unit orthogonal rotating vectors, the speed of light c = 1, the 
following values 

Q = 1-,Jx 2 (t,0) = const, 9 = T ^ ~ T = const, (6) 

are constant for sulutions (5), 

C = cos27ro;, S = sin 2nu, Co = cos 2n9u, So — sin 2ir9cu. (7) 
Values a , A and speed of the massive point v = const are connected by the equations 

™Q A a v 2 S 

and values to and 9 are determined from the system [2] 

C-C 9 = ^S t (9) 

(1 + 9 2 ) SS e - 29(1 - CC e ) = (S e - 9S)^, (10) 
resulting from Eqs. (l)-(4). Here (3 = (7/m) 2 J2 b 2 k 

k>3 

Solution of the system (9), (10) (pairs tv, 9) form some countable set. Each pair corresponds 
to solution (5) describing uniform rotation of the closed string with certain topological type. 
In the case (3 — the string has the form of a closed hypocycloid joined at non-zero angle 
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in the massive point, so we use the term "hypocycloidal rotational states" for motions (5). 
These states generate non-trivial spectrum of Regge trajectories [2] and may be applied in the 
hadron spectroscopy. 

Structure of solutions of the system (9), (10) is illustrated in Fig. 1. Here solid lines are 
determined by Eq. (9) and dashed lines form the graphical chart of Eq. (10) in the (u, 9) plane. 
Here Q — 1, (5 — 0.1. Solutions (co,9) of this system are connected to cross points of these 
lines. 

Note that solutions u = n/2, 9 = (n — 2k) /n of Eqs. (9), (10) correspond to hypocycloidal 
states (5) of the closed string with zero mass m — 0. But other solutions (cross points in 
Fig. 1) result in states with m/0. Projection of the string onto e±, e 2 plane is a curvilinear 
n-gon (a hypocycloid in the case (3 — 0), where n is the number of solid line in Fig. 1. 
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Figure 1: Graphical chart of Eq. (9) (solid lines) and Eq. (10) (dashed lines) for Q = 1, j3 = 0.1 

In the particular case 9 = solutions (5) with frequencies u (roots of Eq. (9), precisely, of 
equation u = —2Q tan nu) have the form 

X» = e%a r + e k b k(r + A cos [u(a - tt)] • e^(ujr). (11) 

fc>3 

They describe uniform rotations of the sinusoidal string with rotating (along a circle) massive 
point. We name these motions as "linear rotational states", because projections of the string 
onto ei, e 2 plane are rectilinear segments. 

The third class of rotational states (with massive point at the center of rotation) was 
studied in detail in Ref. [1]. 
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Possible applications of solutions (5) and (11) in hadron spectroscopy essentially depend 
on stability or instability of these states with respect to small disturbances. In the following 
section we study spectrum of these disturbances. 

3. Spectrum of disturbances 

To solve the stability problem for rotational motions (5), (11) we consider the general 
solution of Eq. (1) 

X"(r, a) = l[^(r + a) + *!( T - a)} (12) 

and denote 

#£(r) = e£(l T0)a o ±J2 e kh + uA[± (C - C) e^tor) + (S e T S) e^cur)] (13) 

fc>3 

the functions in the expression (12) for the considered rotational motions (5). 

To describe any small disturbances of the rotational motion of the system, that is motions 
close to states (5) we consider vector functions close to W± in the form 

^(r) = ^(r) + ^(r). (14) 

The disturbance <f±(r) is supposed to be small, so we omit squares of tp± when we substitute 
the expression (14) into dynamical equations (2) and (3). In other words, we work in the first 
linear vicinity of the states (5). Both functions \I>± and 4f'£ in expression (14) must satisfy 
the condition W + = v&'j 2 = 0, resulting from Eq. (4), hence in the first order approximation 
on <f± the following scalar product equals zero: 

(Kv±) = 0. (15) 

For the disturbed motions the equality (6) r* = r + 2tt6, generally speaking, is not carried 
out and should be replaced with the equality 

r* = r + 2n9 + C(r), (16) 

where £(r) is a small disturbance. 

Expression (14) together with Eq. (12) is the solution of the equations of string motion (1). 
Therefore we can obtain the equations of evolution of small disturbances f±(r), substituting 
expressions (14) and (16) with Eq. (13) in two other equations of motion (2) and (3). We take 
into account the nonlinear factor [X 2 {t, O)] -1 ^ 2 and contributions from the disturbed argument 
r* (16): 

*'£(t* ± 2tt) ~ *£(±) + *£"(±) C(r). 

Here and below (±) = (r + t ± 2ir). 

This substitution results in the following linearized system of equations in linear (with 
respect to (p± and () approximation: 

y^(+) + (ffL{-) + 2a K + ve»(ur)] ('(t) - 2a Q vue»{ur) ((r) = y^(r) + y^(r), 



+Q ift(+) - y^(-) - ^(r) + iffHj) + 2uj 2 A[(C - C e ) e» + S e e%{r) 



0. 
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Here we use the following notations for the scalar products: 

tp°± = (e , <p±), <p k ± = (e k , <p±), <p± = (e, <p±), ip± = (e, <p±). 



(18) 



Projections (scalar products) of equations (17) onto vectors e , e k , e(r), e(r) form the 
following system of equations: 



V k + (+)+ V k _(-)= V k + (r)+ V k _(r), 
fi( T ) + <pt(r) + Q[<ffi + (+) - <pt(-[ 



<p k + (r) + <p k _(r) 



0, 



(19) 



+ M~) ~ rf-(r) - ^°-(r) + 2a C(r) = 0, 
C +V+ {+) + C-M") - S + 0+(+) - - y? + (r) - Mr) + 2a ^C(r) = 0, 

C +V $ + (+) + C_0_(-) + S +V ? + (+) + S-</?-R - y$ + (r) - 0_(t) - 2a <(r) = 0, 
'^(r) + V-M + + (r) + 0_(r)] = Q[/°(+) - /_(-) - <#(r) + ^_(r) 



1— t) 2 dr 



+q[c7 +v ? + (+) - 5 +v 3 + (+) - c_y?_(- 



v(<p° + + y?°_) + 0+ + 0- 



+ 



(20) 



V9 + (r) + v?-(r) -2a ^fC(r) = 0, 



i 



1— u 2 dr 



+ 



+q[c + m+) + s +v+ (+) - c_0_(-) - - 0+00 + 0-00 " «o^ 2 §C(r) 



0. 



Here C± = cos [27ru;(0± 1)] = CgC^fSeS, S± = S$C ±CeS, two equations (19) are projections 
of Eqs. (17) onto vectors e k , k — 3, 4, . . . 

We should add to this system equations (15) after substituting expressions (13) 



a k>3 a 



(21) 



System (19) -(21) is the linear system of differential equations with respect to projections 
(18) <p±(r), V?±00> V±00> 0±( r )> an d the function ((t). This system has constant coefficients 
but it also has deviating arguments (±) together with (r). 

We search solutions of this system in the form of harmonics 



B ± e 



B k ± e~ iCjT , <p± = B±e 



2a ( = Ae 



(22) 



This substitution results in the linear homogeneous system of algebraic equations with 
respect to the amplitudes of harmonics (22). Two equations of this system connected with 
Eqs. (19) are 



B k + E l + + B k _E\ = 0, B k AQE\ - iuj) = B k _(QEl + iuj), 



(23) 



where E± = exp [ — i2n{6 ± 1) Co] — 1. System (23) has non-trivial solutions if and only if uj is 
a root of the equation 



cos 1-kuj — cos 2h6l) 



UJ 

2Q 



sin27rcj, 



(24) 



It coincides with Eq. (9), if uj is substituted by uj. The spectrum of transversal (with 
respect to the e±, e<i plane) small fluctuations of the string for states (5) contains frequencies 
uj which are roots of Eq. (24). All these frequencies are real numbers, therefore amplitudes of 
such fluctuations do not grow with growth of time t. 
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Another picture takes place for disturbances concerning to the e\, €2 plane. Assuming that 
frequencies u of these fluctuations are not roots of Eq. (24), we find for these modes B± = 
and for other amplitudes (22) equations (20) and (21) result in the following system (after 
transforming): 

Cj(B + + B_) + (uv - igQEV) B° + + (uv + igQEl) 5° = 0, 



h + E\B + - h„E l _B + = (i^El - h* + E c + )B° + + (i^-El + h*_E c :)B°_, 

[E + + 1)B + + {E_ + 1) B_ = (vE\ + h\S + E + ) B° + + (vE\ - h*_S_E_) B°_, 
[ooq - h+(E\ - iu/Q)]B + + [uoq - h-(El + iu>/Q)]B- = 



UJV 



vcuq 



Q 



1 — hj_ — vuq 

Cjv 



+ h*_(E c _ + i^)]B°_; 



(25) 



(iu>q + E\ + 29 /v 2 ) B + + {iuq - E\ + 26/v 2 ) B_ = 
= [E* + + h* + (S + E + + u/Q)]B° + + [E*_ + h*_(S_E_ - u/Q)]B°_, 
ujA = -i{E\B\ + ElB°_), B± = ±{h* ± B° ± + h±B±). 

Here we use notations 



E± = exp[-i27r(0±l)o>], 



El 



9 = 



1-v 2 



h± = — ( 1 =F — 

uj v v z 



E±-l, 
0^ StS 8 



C-Ce 



h 



C±E±-1, 
2Q\tO 



E. 



U! 2 V 



± 



2QQ 



7-ll 

-E± — iv ujq 



u v 



Q{l-v 2 Y 



equations (7) -(10) and relations 

C±±h±S± = -l, h±(C±-\) = ±S±. 

Notice that the fifth equations of system (25) is linear combination of the first three ones 
with coefficients iq, u/(2Q) and 9/v 2 . Hence, the condition of existence of non-trivial solutions 
for this system is vanishing the determinant connected with the first four equations. This 
condition results in the following equation: 



D— S± - 4<?Q? + VC e - gC 

UJ 



+i 



uj z 
u 2 v 

2Quj 



U! 2 VS 

~2QlL 



+ VC e + gC )+f(u>)+ 



VSS e + V e (CC e - 1) + 2gQ(C - C e 



SSa — S/)S 



Suj 



(26) 



0. 



Here the notations like (7) are used, but with u instead of uj: C — cos2nu, S = sin27ro;, 
Co = cos2ti9uj, S e = sm2n9uj; and also 



D = uj 2 (gh+h- + f _1 ), V = 



l-CCe C-v 2 C e 



v C-C e 
guj 2 v-Ag 2 Q 2 -DV^ 52 , [9 6 



V 



SSa C-V 2 C ft 



V 



C-Ca 



Co 2 



+S e 



s 



4gQ(--v 

v 7; 



l-ca 



- uj(C - v 2 C e ) 



, y iu 2 v + 8gQ 2 ) + DV 6 
v 

CS 



SS* 



Co 2 



CO 



(v e C e 



2gQ6~Y 



V 2 0J 



Equation (26) has the imaginary part. One can expect that complex (or imaginary) roots 
uj = uj t + i£ of this equation exist. 
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But in the case 6 = that is for linear rotational states (11) the mentioned imaginary part 
vanishes. In this case equalities Sg = S e = V e = take place, hence, the function f(u) = 
and equation (26) decomposes into product of the following two equations: 



2Quo 



C+(l 



COS 2-KLO 



+ u 2 v 2 sin 2tiuj 



0, 



' uJ 1 \ ( C - v 2 
h AgQ 2 (1 - cos 2-kCj) + AgQCj sin 2ttoj + u 2 



+ g cos 2huj = 0. 



(27) 



(28) 



Their roots were analyzed in Ref. [1]. It was shown that all roots of Eq. (27) and 
Eq. (28) are real numbers, if all values satisfy natural physical restrictions, for example, 
v < 1, m > 0. The typical picture of these roots in the plane uj r , £ is presented in Fig. la for 
Eq. (27) and in Fig. lb for Eq. (28). Roots are points of intersection of zero level lines for 
real part ReF(u; r = (solid lines) or imaginary part (dashed lines) of the corresponding 
equation with uj = u r + i£- 
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Figure 2: Zero level lines for real (solid) and imaginary part (dashed) for a) Eq. (27); b) Eq. (28) 



Here the values of the parameters for the linear rotational state (11) are: u = 0.9, Q ~ 
1.385, v 2 ~ 0.875, f3 = 0.5. We may conclude that in first order approximation linear rotational 
states (11) are stable with respect to small disturbances. 

Let us turn to the hypocycloidal rotational states (5) with spectral equation (26) for small 
disturbances. 

Substituting Co = Co r + it; into Eq. (26) we draw in Figs. 3, 4 zero level lines for real part of 
1. h. s of this equation (solid lines) and for its imaginary part (dashed lines) similar to Fig. 2. 
In Fig. 3 these lines are shown for the hypocycloidal state (5) with the following values of 
parameters: Q — 1, j3 — 0.1, uj = 1.289, 9 = 0.3242. The shape of the string (its projection 
onto ei, e 2 plane) at the corner of Fig. 3 is close to a curvilinear triangle. 

In Fig. 4 the similar picture is drawn for the state (5) (hypocycloid with 4 arcs) for the 
recorded values of parameters. 
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Figure 3: Zero level lines for real (solid) and imaginary part of Eq. (26) for the "triangle" state 



In both cases in Figs. 3,4 one can find a set of cross points (roots of Eq. (26)) uj = 
u r + i£ with positive imaginary part £ > 0. The corresponding modes of disturbances ^ 
get the multiplier exp(£r), that is they grow exponentially. This picture takes place for 
any (physically admissible) values of parameters Q, (3, uj, 9 so we may conclude that the 
hypocycloidal rotational states (5) for 9 > are unstable with respect to small disturbances. 

But maximal increments £ for growing amplitudes are small: they do not exceed 0.1 
not only for the cases in Figs. 3,4, but also for other topologically different hypocycloidal 
states with various values Q, f3, uj, 9. So the growth factor for an amplitude of disturbance 
exp(27r£/c<j) (per one rotation) was not large enough to detect this instability in previous 
numerical experiments in Ref . [1] . On should add that the maximal increments £ tend to zero 
in both limits Q — > (it corresponds to m — > oo if ao7 = const) and Q — > oo (m — > 0). 

More detailed numerical simulation of string motions, close to hypocycloidal states (5) 
(slightly disturbed rotations) shows that amplitudes of small disturbances grow with incre- 
ments £ described by Eq. (26). 

Conclusion 

The analysis of stability for the hypocycloidal rotational states (5) of the closed string with 
a point-like mass demonstrated instability of these states with 9^0 with respect to small 
disturbances. It is similar to behavior of rotational states of Y string baryon model [5], [6]. 
However, for the states (5) increments £ of this instability are small. For the linear rotational 
states (11) (the particular case of hypocycloidal states) the stability was confirmed. 

This results are essential for possible applications of these states for describing excited 
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0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 « 

Figure 4: Zero level lines for real (solid) and imaginary part of Eq. (26), Q = 5, (3 = 0, u = 1.919, 



9 = 0.4996 

hadrons with exotic properties (in particular, glueballs, hybrids, pentaquarks) in accordance 
with applications of other string hadron models [7] in meson and baryon spectroscopy. 
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